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Abstract 

The aim of this paper is to introduce a modified viscosity iterative 
method to approximate a solution of split variational inclusion prob¬ 
lem and fixed point problem for a uniformly continuous multivalued to¬ 
tal quasi-asymptotically strictly pseudocontractive mapping in CAT{ 0) 
spaces. Strong convergence theorem for the above problem is established 
and several important known results are deduced as corollaries to it. 
As application, a split minimization problem and fixed point problem 
is solved. A numerical example in support of the main result is given. It 
seems that the main result on the split variational inclusion problem is 
new in the setting of CAT( 0) spaces. 


1 Introduction and Preliminaries 

Let X be a metric space. A geodesic path joining ieItoj/€lisa map 
c : [0,l]cK->I such that c( 0 ) = x, c(l) = y and d{x, y) = l. 

The map c satisfies the isometric property d(c(t),c(s)) = \t — s| for all t, s £ [0,1] 
and it’s range is called a geodesic segment joining x and y. 

The space (A, d) is said to a geodesic space if any two points of X are joined 
by a geodesic segment. 

A geodesic triangle A(xi, £ 2 , £ 3 ) in a geodesic space (X,d) consists of three 
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points in X (the vertices of A) and a geodesic segment between each pair of 
vertices (the edges of A). 

A comparison triangle for geodesic triangle A(xi,£ 2 ,£ 3 ) hr (X,d) is a triangle 
A(£ 1; £ 2 ,£ 3 ) in (R 2 ,d) such that d%p(xi,Xj) = d(xi,Xj) for i,j £ {1,2,3}. Such 
a triangle always exists(Bridson and Haefliger [1]). 


A metric space X is said to be a CAT( 0) space if it is geodesically connected 
and every geodesic triangle in X is at least as ’thin’ as its comparison triangle 
in the Euclidean plane. 


Let A be a geodesic triangle in X, and let A be its comparison triangle in 
R 2 . Then, X is said to satisfy CAT(O) inequality, if, for all x,y £ A and all 
comparison points x, y £ A, 


d(x,y) < d R 2 (x,y). 

If x, 2/1 , 3/2 G X, and y 0 is the midpoint of the segment [ 2 / 1 , 3 / 2 ]? then, the CAT(O) 
inequality implies 


d(x, y 0 ) 2 < ^d(x, yi) 2 + * d(x, y 2 ) 2 - ^d(y 1 ,y 2 ) 2 . (1.1) 

It is well known that the following spaces are CAT(O) spaces: a complete, simply 
connected Riemannian manifold having non-positive sectional curvature; Pre- 
Hilbert spaces [lj; Euclidean buildings [2]; R-trees [3]; and Hilbert ball with a 
hyperbolic metric [4, 29]. 


Let H be a real Hilbert space with inner product (•, •) and C a nonempty closed 
and convex subset of H. 

The inner product (•, •) : H x H — > R generates norm via 

(£,£) = ||£|| 2 


for all x £ H. 


A mapping T : C —> C is said to be total quasi-asymptotically strictly pseudo- 
contractive (see [30]), if there exists a constant 7 £ [0,1] such that 

||T n a: - T n p\\ 2 < ||x -p|| 2 + 7 ||x - T n x\\ 2 + K n ^{\\x -p||) + 
for all x £ C and p £ F(T) where F(T) = {x £ X : Tx = x} the fixed point set 
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of T is nonempty, the sequences € [0, oo) satisfy lim n n = lim p n = 0, 

n—too n—>■ oo 

and ip : [0, oo) —> [0, oo) is strictly increasing and continuous mapping such that 
= 0 . 


For concepts such as bounded linear operator and its adjoint operator, maximal 
monotone operator and metric projection, we refer to Chidume [28]. 

The metric projection is parity and scale invariant (cf. Proposition 1.26(e) in 
[14]) in the sense that 

A Pcx = P\cXx, for everyX >0, x £ H, 


consequently, 


X(Pc-x{x) - x) = P\c-\x(Xx) - Xx, for everyX >0, x £ H. 


Fixed point theory in a Ch4T(0) space has been introduced by Kirk (see for ex¬ 
ample [5]). He established that a nonexpansive mapping defined on a bounded, 
closed and convex subset of a complete CAT(ff) space has a fixed point. Conse¬ 
quently, fixed point theorems in CAT{ 0) spaces have been developed by many 
mathematicians; see for example [6, 7[. More so, some of these theorems in 
CAT(ff) spaces are applicable in many fields of studies such as, graph theory, 
biology and computer science; see for example [3, 8, 9, 10]. 


We now set out to establish counterpart of the above concepts in the setting of 
a CAT{ 0) space. 

Let C be a nonempty subset of a CAT(0) space X. 

In [13], a mapping (•, •) : (X x X ) x [X x X) —» R is said to be quasi-linearization 
in X if 


= ^(d(p,s) 2 + d(q,r) 2 - d(p,r) 2 - d(q,s) 2 ), (1.2) 

for all p,q,r,s £ X; here a pair (p, q) £ X x X is denoted by a vector p 
Consequently, we have 

1 . (p^M) = d(p,q) 2 , 

2. for all p, q, r, s, t, u,v,w £ X, 
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A mapping T : C —> C is said to be total quasi-asymptotically strictly pseudo- 
contractive if there exists 7 £ [0,1] such that 

d(T n x , T n p) 2 < d{x,p) 2 + 7 d(x, T n x) 2 + K n p(d(x,p)) + p n (1.4) 

for all x £ C and p £ F(T), the sequences K n ,p n £ [0, 00 ) satisfy lim n n = 

n—t 00 

lim p, n = 0, and ip : [0, 00 ) —> [0, 00 ) is strictly increasing and continuous map- 

n—> 00 

ping such that tp(0) = 0. 

Denote by CB(X), the collection of all nonempty closed and bounded subsets 
of X and let H be the Hausdorff metric with respect to the metric d; that is, 

H(A, B) = max{supd(a, J3), supd(6, A)} (1.5) 

cl£_A b£.B 

for all A,B£ CB(X), where d(a, B) = inf d(a, b) is the distance from the point 

b£B 

a to the subset B. 


A mapping A : X —> X is said to be linear if for a, /3 £ R. and x, y £ X, we have 
A(ax ® j3y) = aA{x) ® /3A(y), 
where ® : X x X —>• X is defined by (x, y) >->• x ® y. 

A mapping A : X —»• X is said to be bounded if for all x. y £ X, there exists 
M > 0 such that 

d(Ax,Ay) 2 < AId(x,y) 2 , 

A mapping A* : X —> X is said to be adjoint operator of A if for all x, y,w,z £ 
X, we have 

(. AxAw,yt) = (Axit),yt) = (xil), A*yt) = (auZ5, A*yA*z). (1.6) 

Clearly, A* is a linear operator. As in a Hilbert space, we have 
d{A*y,A*z) 2 = d{Ax, Aw) 2 < Ald(x,w) 2 , 
and hence, A* is bounded in X. 

A mapping G : D{G) C X —> 2 X is said to be monotone if for any (x,x*) £ 
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D(G) x G(x) and ( y,y*) £ D(G) x G(y), it holds that 


(x$,x*y*) > 0 . 

A mapping G : D(G) C X —> 2 A is said to be maximal monotone if it is 
monotone and also has no monotone extension, that is, its graph is not properly 
contained in the graph of any other monotone operator on X. 

For 7 > 0, a mapping B ® = (I + 7 G )” 1 : 2 X — > D{G ) C X is said to be a 
resolvent of G. 


For any x £ X, there exists a unique point Xg £ C such that 


d(x,x 0 ) < d(x,y) V y £ C, 

and the mapping Pc : X —> C defined by Pqx = xg is called the metric projec¬ 
tion of X onto C (cf. Proposition 2.4 in [1]), 

equivalently, in view of the characterization of Hossein and Jamal [19], we have 

(x^:,yx 0 ) > 0 , 


consequently, 


P, 


Cx 


X —> Cx is defined by P^{x)x = xq&, 


equivalently, 





> 0 , 

0 (because x& is an additive identity element), 


<=> ((xo&, 0) - (x0, x0}) > 0 (by (1.3)), 


(1.7) 


where xgi, 0 £ Cx. 


The metric projection is parity and scale invariant in the sense that 
A Pcx = P\c\x , for everyX >0, x £ X, 

consequently, 

A Pg*(x)x = P xcx > {\x)Xx. for everyX >0, x £ X. 


( 1 . 8 ) 
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Let T : X —► 2 A be a multivalued mapping. A point x £ X is called a fixed 
point of T ii x £ Tx and F(T) = {x £ X : x £ Tx} is called the fixed point set 
of T. 


As a generalized version of the well known split common fixed point prob¬ 
lem, Moudafi [15] introduced the following split monotone variational inclusion 
(SMVI) by using maximal monotone mappings; 

f ind x* £ H\ such that 0 £ f(x*) + Bi(x*), 
y* = Ax* £ H 2 solves 0 £ g{y*) + B 2 (y*), 

where B 1 : Hi 2 Hl and B 2 : H 2 -» 2 ff2 , A : Hi H 2 is a bounded linear 
operator, / : Hi —> Hi and g : H 2 —► H 2 are given single-valued operators. 

In 2000, Moudafi [16] proposed the viscosity approximation method by consid¬ 
ering the approximate well-posed problem of a nonexpansive mapping S with a 
contraction mapping / over a nonempty closed and convex subset; in particular 
he showed that given an arbitrary Xi in a nonempty closed and convex subset, 
the sequence {£„} defined by 


Xn,- f-1 — &nf( < Xn') A (1 OCrfjSXn^ 

where { a n } C (0,1) with a n —>■ 0 as n —> oo, converges strongly to the fixed 
point set of S, F(S). 


In [17], viscosity approximation method for split variational inclusion and fixed 
point problems in Hilbert Spaces was presented as follows. 

f Hn = ./f {x n - -nA*^!"’ - /) Ax n ); 

\x n +i = a n f(x n ) + (1 - a n )T n (u n ),Vn > 1, 

where Bi and B 2 are maximal monotone operators, J^ 1 and J^ 2 are resolvent 
mappings of Bi and B 2 respectively, / is a Meir-Keeler mapping, T a nonex¬ 
pansive mapping, A* is an adjoint of A, j n ,a n £ (0,1) and A > 0. 


In this paper, motivated by (1.9), a modified viscosity algorithm sequence is 
presented and prove strong convergence theorem for split variational inclusion 
problem and fixed point problem of a total quasi-asymptotically strictly pseu- 
docontractive mapping in the setting of two different CAT( 0) spaces. It seems 
that the main result is new in the setting of CAT{ 0) spaces. 
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Let X be a complete CAT(0) space and { x n } be a bounded sequence in X with 
the asymptotic center A({x n }) = {x G X : limsupd(x, x n ) < limsupd(^, x n ), Mz G 

n-f-o o n—> oo 

X}. Then A({x n }) consists of exactly one point [20]. 

Definition 1.1 [11, 12] A sequence {x n } in a CAT(0) space X is said to be 
A-convergent to x € X if x is the unique asymptotic center of any subsequence 
{x nk } C {x n }. Symbolically, we write it as A — limx ra = x. 

n—> oo 

Lemma 1.1 [12] Let {x n } be a bounded sequence in a complete CAT( 0) space 
X. Then 

i. {x n } has a A-convergent subsequence. 

ii. the asymptotic center of {x n } c C C X is in C, where C is nonempty, 
closed and convex. 

Lemma 1.2 [25] Let {x n } be a bounded sequence in a complete CAT( 0) space 
and A({x n }) = {x}. Let {x nk } be an arbitrary subsequence of {x n } and A{{x nk }) = 
{y}. If lim d(x n ,y ) exists, then x = y. 

n—t oo 

Lemma 1.3 [18] Let C be closed and convex subset of a CAT(0 ) space X and 
{x n } a bounded sequence in C. Then A — limx n = x implies that {x n } —*■ x 

n—> oo 

(i.e. limsupd(x n , x) = inflimsupd(x„,y)/ 

n—>o o yec 

n—> oo 

Lemma 1.4 [25] Let X be a CATtff) space and x,y,z G X. Then 

i. d((l - t)x © ty, z) < (1 — t)d(x, z) + td(y, z),t G [0,1], 

ii. d((l — t)x®ty, z) 2 < (1 — t)d(x, z) 2 + td(y, z) 2 — t(l — t)d(x , y) 2 , t G [0,1]. 

Lemma 1.5 [21] Let X be a complete CAT{ 0) space, {x n } a sequence in X 
and x G X. Then {x n }, A—converges to x if and only if lim sup(x„x, yx) < 0 

n—¥ oo 

for all y G X. 

Lemma 1.6 [22] Let X be a complete CAT(0) space. Then for all x,y,z G X, 
the following inequality holds 

d(x, z) 2 < d(y, z) 2 + 2(x$, xt). 
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2 Main results 


Let X\ and X 2 be two CAT(0) spaces, C C X\ be a closed and convex subset, 

A: X i —»• X 2 bounded linear and unitary operator, U : X\ —> 2 Xl and S : X 2 —> 

2 X2 be uniformly continuous and maximal monotone operators, / : Xi —> X\ 
contraction mapping and T : C CB(C ) be uniformly continuous multi-valued 
total quasi-asymptotically strictly pseudocontractive mapping defined as 

H(T n x,T n p ) 2 < d(x,p) 2 + 7 d(x,T n x) 2 + K n tp(d(x,p)) + p n 

with the sequences n„, p n € [0, 00 ) satisfying K n < 00 and A*n < °°- 

Suppose that 7 € [0,1] and ip : [0,oo) —> [0, 00 ) is strictly increasing and con¬ 
tinuous mapping such that </?(0) = 0, and Pac '■ —> AC and P ACA > ■ 

X 2 —> AC Ax are the metric projections onto nonempty closed and convex sub¬ 
sets AC, AC Ax C X 2 , respectively. Let, for 7 > 0, : 2 Xl —> X\ and 

B^ : 2 a ' 2 —> X 2 be resolvent operators for U and S, respectively. Denoted by 
VIP(U, 7) and VIP(S, 7), and F(T) the solution set of variational inequality 
problems with respect to U and S and fixed point problem with respect to T. 

As in [15], we define the split variational inclusion (SVI) as follows: 

find x £ Xi such that x& £ U(x) and Ax £ X 2 solves Ax Ax £ S(Ax), 

where xi and Ax Ax are the additive identity elements in X\ and X 2 , respec¬ 
tively. 

Throughout this paper we shall strictly employ the above terminology. 

For a bounded sequence {x„} in C , we employ the notion: 

limsupd(a;„, x) = inf limsupd(x n , y), (2-1) 

n—too yec 

n—>o o 

equivalently x is the asymptotic center of each subsequence of {x n }. 

First, we establish a demiclosedness principle based on (2.1). 

Lemma 2.1 (Demiclosedness ofT) Let T be a multi-valued total quasi-asymptotically 
strictly psudocontractive mapping on a closed and convex subset C of a CAT( 0) 
space X. Let {x n } be a bounded sequence in C such that A — limx n = x and 

n—> 00 

lim d(x n ,Tx n ) = 0. Then Tx = x. 

n—> 00 


8 



Proof. By the hypothesis A — limx„ = x and so by Lemma 1.3, we get {a’„} — 1 

n—¥ oo 

x. Then by Lemma 1.1 (ii), we arrive at A({x n }) = {a;}. Let lim d(x n ,Tx n ) = 

n—>o o 

0. Then we obtain 


limsupd(a; 7 j, y) = limsupd(y, Tx n ), 

n—>o o n—> oo 

for all y £ C. By (2.2), choosing y = Tx, we have 


( 2 . 2 ) 


limsupd(a: n ,Ta:) 2 = limsup H(Tx n ,Tx) 2 

n—> oo n-f-o o 

< limsup{d(a; n , a;) 2 + 'yd(x n ,Tx n ) 2 + n n ip(d(x n ,x)) + y„} 


< limsupd(a; ri , a :) 2 

n—> OO 


(2.3) 


By (1.1), we get 


d I Xfii 


x ® Tx 


< ] ) d{x n ,x) 2 + ^d(x n ,Tx) 2 - ^d{x,Tx) 2 . 


Let n —> oo and take superior limit on the both sides of the above inequality 
and get 


limsupd (x n , 


x ® Tx 


< -limsupci(a: ra , a:) 2 

£ n—> oo 

+ himsupd(a;„, Ta;) 2 — ^rd(x, Tx) 2 . 

£ m. —>-oo 4 


Since A({x n }) = {a;}, therefore we have 


limsupd(a;„, x) 2 < limsupd ( x . 


x ® Tx 


\ 2 


< -limsupd(a; T j, a:) 2 

^ n,—¥ oo 


+ ilimsupd(a: Jl ,Tx) 2 — ^-d(a;,Tx) 2 , 

^ n—»-oo 4 


which implies that 


limsupd(x n , x) 2 < limsup d(x n ,Tx) 2 . 

n—>oo n—>o o 


(2.4) 


By (2.3) and (2.4), we conclude that Tx = x as desired. 


Next, we prove our main result as follows. 
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Theorem 2.1 Let X\ G X\ be chosen arbitrarily and the sequence {:£„} be 
defined as follows; 


jyn = B(a n x n © (1 - a n )X n A* P ACnAx > B^ ( Ax n )Ax n ) 
I x n+1 = f3 n f(x n ) © (1 - fi n )z n , z n G {T n y n },n > 1, 


where A* is the adjoint operator of A, and M,X n ,a n ,fi n G [0,1]. Suppose that 
PacB dj is demiclosed and r = {x G VIP(U, 7) : Ax G VIP(S, 7)} D {x G 
i 7 '(T)} ^ 0, and t/ie following conditions are satisfied; 

1. there exists constant N > 0 such that tp(r) < IVY, r > 0; 

,2. lim fi n = lim a n = 0; 

n—>■ 00 n—>o o 

5. T satisfies the asymptotically regular condition lim d(y n ,T n y n ) = 0. 

n—>• 00 

TTien {x ra } converges strongly to a point iGT, where PacB^ (Ax) = Bdj(Ax). 

Proof. We will divide the proof into three steps. 

Step one. We prove that {x n } is bounded. 

If p G r, then by Lemma 1.4(ii) and (1.5) we obtain 

d(y n ,p) 2 = d ^ B © (1 - a n )X n A* P ACnAx j (Ax n ) Ax n ^j ,p 

' d ^OinXn © (1 On)An J 4 BAC ,4 5 B'y n (AXn)AXn>P 

< a n d(x„,p) 2 + (1 - a„)d ^X n A* P AC ^ Ax ^ B^j(Ax„)Ax n ,p^ (2.6) 

whereas, by (1.7), (1.3), (1.6) and boundedness, linearity and unitary property 
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of A, we have 


d | A n A PAC n A X n ^7n (^n)^n 5 P 


=(A„A*B 


AC n Ax„ 7n 


B®" (Ax n )Ax n p, X„A* P , > B®" (Ax n )Ax n p 


= < A„A*P 


AC„il„ "Tn 


B®" ( Ax n )Ax n p , A n A* P . > B ®" (Ax n )Ax„p 


= < A„B 


AC„Ai„ 7» 


B®" (Ax n )Ax n Ap, A„ B.„ . > B|” (Ac n )A5„At ; 


- < A„P- 




->■ 


AC n Ax„ 7n 


B®" (Ae„) AxnAp, ApAx 


= < Xn P ACnAx > B^(Ax n )Ax„Axn,\,i P AC A:r > B^(Ax n )Ax„Axr 


ACrvAxn ~1n ' 


(^ApAx n ^ A nP AC > ^"fn (Ax n') Ax n Ax 

- ( A„P 


AC n A Xl 


( Axn)Ax n Ax n , ApAxh \ + (^ApAxh, ApAxh^j 


< - x„p 


ACnAxn >n 


B®^ ( J 4a„) J 4a;n-4a;n, ApAx n ) + Md (x n ,p) ■ 


Substituting (2.7) into (2.6), we get 


d(y n ,p) (1 C^n) \ A nP AC Ax * (AXn^AXnAXn-jApAXr. 


+ (M(l - a„) + a n )d {x n ,p) 2 

< d ( Xn,p ) 2 . 


(2.7) 


( 2 . 8 ) 

(2.9) 


11 



By (2.5), (1.4), Lemma 1.4(ii) and (1.5), we get 

d(x n +i,p) 2 = d(/3 n f(x n ) © (1 - /3 n )z n ,p) 2 

< /3nd(f{Xr,.),p) 2 + (1 - P n )d{z n ,p) 2 ~ P-a{ 1 - Pn)d(f(y n ),Z n ) 2 

< / 3nd(f{xn),p) 2 + (1 - P n )d{T n y n ,pf 

< p n (d (/(*„), f(p)) 2 + d ( f(p),p ) 2 ) + (1 - p n )H ( T n y n ,T n p ) 2 

< j3 n C,d (x n ,p) 2 + 0„d(f(p),p) 2 + (1 - p n )(d(y n ,p) 2 + yd ( y n ,T n y n f 

+ K n ‘fi(d (y n, p)) + /*») 

< /3nd(f{p),p) 2 + (1 - (1 - C)/?n)(l + K n N))d(Xn,p) 2 

+ (1 - &n)yd ( y n ,T n y n ) 2 + (1 - P n )p n - ( 2 - 10 ) 

Since Y^=i K n < oo, Mn < 00 an d 7 is arbitrary in [0,1], therefore by 

(2.10), we get 

d{x n +i,p) 2 < find ( f(p),pf + (1 - (1 - 0/3„)d ( x„,p ) 2 
< max{d (x n ,p) 2 , j-^d (/(p),p) 2 } 


< max{d (xi,p) 2 , jy^d (/(p),p) 2 }. (2.11) 

By (2.9) and (2.11), we have that {x n } and {y n } are bounded. Hence {T n y n } 
and {/(.'£„)} are also bounded. 

Step two. We will show that lim d(PAC n ^^ rl {^ x n), Ax n ) = 0. 

By Lemmas 1.1 and 1.2, there exists a subsequence {x nk } of { 27 ,} such that 
A — lima; n = x £ C. Thus, A — limcc„ = x. By Lemmas 1.5 and 1.6, we get 

n—>o o n—>00 

d(x n+1 ,x n ) 2 < 2d (x n+ i,x) 2 + 2 d(x,x n ) 2 

— 2 (x n A\k , x n -\-i&') © 2 (x n , x r i'ddj 
—» 0 as »j -> 00 . (2.12) 

This implies that 2 ? n -© 2 ; as n —> 00 . 
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In addition, by Lemma 1.4(ii) we have 


d(y n ,x n+ 1 ) 2 = d(y n ,/3 n f(x n ) © (1 - p n )z n ) 2 

< Pnd (y n , f(x n )) 2 + (1 - Pn)d (y n , z n ) 2 

< Pnd ( y n , f(x n )) 2 + (1 - /3„)d (j/ n , T n y„) 2 

—t 0 as n —>■ oo, (2.13) 

and therefore by (2.12), (2.13) and Lemma 1.6, we get 

d (ymXn') ^ d (y n , Xn+i ) ©d(x n ^_i,x n ) 

—> Oasn-> oo. (2-14) 

This implies that y n —» a; as n —► oo. 

As A„ is arbitrary in [0,1], so by (2.8), (1.2) and (1.8) we arrive at 


(1 C^n) ( Axn n [-A-X n }AXnA.Xn’>A.pAx n J ^ ^(*£71 jP) P) 


>2(1 Q! n )(i | \ n P-^^—^^B^i^Ax n )Ax n ^Ax n J ^ d(x n ,p) d{y n ,p) 


>2(1 - a n )d P 


B / y™{\nAx n )\ r iAx n ' ) Ax n ^ d(x n ,p) d(jj n ,p) 


\ n AC n \nAx n 1 


> 2(1 OLf^d ~Kc~~Ax^^1 n AXn ) ^ d(x n ,p) dijJmP) 

—► 0 as n —> oo. 


(2.15) 


It follows from (2.15) that 

d(PAC n Bj*(Ax n ),Ax n ) —> 0 asn-> oo. (2.16) 


Step three. We show that x n —► x £ T. 
By (2.5), we obtain 


Ot n X n © (1 On)AnA P- 


AC n Ax- 


>B^(Ax n )Axn e y n ® 7 nU n {y n 


x n e y„ © 7 n U„(y„) (since a„ is arbirary in [0,1]). 


XnVn £= 7 nUnijJn) 


(2.17) 
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Since U and S are uniformly continuous, therefore it follows by (2.17), as 
n —> oo, that xx £ U(x). In addition, it is clear that A — limAx n = Ax. 

n—>o o 

So by using (2.16) and applying the demiclosedness of PacB we have that 

_ y ' 

Ax Ax £ SAx, as PacB^Ax = BzjAx. On the other hand, by Lemma 2.1 and 
A — \imy n = x (by (2.14)), we have by the hypothesis lim d(Ty n , y n ) = 0 that 

n—i-oo n—t oo 

x £ Tx, as T is uniformly continuous. Hence, x £ T. 

The proof is completed. 

If U : Xi —» X\ and S : X 2 —> X 2 are total quasi-asymptotically strictly 
pseudocontractive in Theorem 2.1 and their fixed point sets F{U) and F(S) are 
nonempty, then we get: 

Corollary 2.1.1 Let X\ £ Xi be chosen arbitrarily and the sequence {£„} be 
defined as follows; 

{ Vn — U n ^ QZ n X n © (1 OCn)\ n A Pj^(j j\ x ' S n (Ax rj f A X n ^ 
x n+1 = f3nf(x n ) 0 (1 - /3n)z n , Z n £ {T n y n },n > 1 , 

where A* is the adjoint operator of A, and M, A n ,a n ,/3 n £ [0,1]. Suppose that 
T = {x £ F(U ) : Ax £ F(S)} D {x £ F(T)j 7 ^ 0, and the following conditions 
are satisfied; 

1. there exists constant N > 0 such that <p(r) < Nr, r > 0; 

2. lim fi n = lim a n = 0; 

n—too n—to o 

3. T satisfies the asymptotically regular condition lim d(y n ,T n y n ) = 0. 

n—>• 00 

Then {x n } converges strongly to a point xeT, where PacS(Ax) = S(Ax). 

Remark 2.1 Corollary 2.1.1 is about split common fixed point problem and 
fixed point problem. Hence, this result is new in the literature; in particular, 
it generalizes similar results in [26, 27] from Banach space setting to CAT( 0) 
spaces. 

-» - 5 -> 

In Theorem 2.1, let P Ac ^ Ax > (Ax n )Ax„ = P ACriAx ] B°” ( Ax n )Ax n and P c = 

B]C, where Pc : Xi —> C is the metric projection of Xi onto C. Then we get 
the following result. 
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Corollary 2.1.2 Let X\ £ X\ be chosen arbitrarily and the sequence {i n } be 
defined as follows; 

! Vn — P Cn (fX n X n © (1 OtnfiA n A Ax ( Ax,, ) A.C n ^ 

•Ero+1 finffan') © (1 fin)Zm %n C { L‘nVn }; ^ l? 

where A* is the adjoint operator of A, and AI, X n ,a n , fi n £ [0,1]. Suppose that 
r = {x £ C : Ax £ AC} fl{xe F(T)} 0, and the following conditions are 

satisfied; 

1. there exists constant N > 0 such that <p(r) < Nr, r > 0; 

2. lim fi n = lim a n = 0; 

n—> oo n—>o o 

5. T satisfies the asymptotically regular condition lim d(y n ,T n y n ) = 0. 

n—>• oo 

TTien {x ra } converges strongly to a point xeT, 

Remark 2.2 As Corollary 2.1.2 deals with split feasibility problem and fixed 
point problem so it is a new result in literature. It also extends similar results 
in Banach spaces [23, 24] to the case ofCAT(0) spaces. 


3 Application to split minimization problem and 
fixed point problem 


The split minimization problem is to find: 

x £ Xi such that g(x) < g(y) \/y £ X 1 


and 

Ax £ Xi such that g\Ax) < g' (Ay) VAy £ Xi 

where g : X\ —> R and g' : X 2 —> K are convex lower semicontinuous functions. 
Now let the subdifferential of g and g', dg : X\ —> 2 Xl and dg' : X 2 2^ 2 be 
defined by 


{dg)x = {x* £ X{ : g{y) - g(x) > (y - x, x*)Wy £ XJ 
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and 


(dg')Ax = {{Ax)* G X 2 : g'(Ay) - g\Ax) > {Ay - Ax, {Ax)*)MAy G X 2 }, 
respectively. 

It is well known that dg and dg' are maximal monotone on Xi and X 2 and 
that xi G {dg)x and AxAx G {dg')Ax iff x and Ax are minimizers of g and g', 
respectively. Hence 

B° a = prox lg and B® 9 = prox lg '. 

In Theorem 2.1, U = dg and S = dg', give the following result. 

Theorem 3.1 Let the mappings dg, dg 1 ,prox lg and prox lg ' be defined as above. 
Let PACPi'OXjg' be demiclosed, X\ G X± be chosen arbitrarily and the sequence 
{x n } be defined as follows; 

! y n = prox Jng (a n x n ® (1 - a n )\ n A* P ACnAx ^ P r ox lng ' {Ax n )Ax n ^ 

Xn+l = finf{x n ) ® (1 - Pn)z n , Z n G {T n y n },n > 1, 

where A* is the adjoint operator of A, and M, X n ,a n ,/3 n G [0,1]. Suppose that 
T = {x G E 1 : g{x) < g{y) and g’{Ax) < g'{Ay) \/y G ^i} (~l {x G F{T)} ^ 0, 
and the following conditions are satisfied; 

1. there exists constant N > 0 such that p{r) < Nr, r > 0; 

2. lim fi n = lim a n = 0; 

n—>oo n—> oo 

3. T satisfies the asymptotically regular condition lim d{y n ,T n y n ) = 0. 

n—>o o 

Then {x n } converges strongly to a point x G T, where PAcP r ox lg '{Ax) = 
prox ig i {Ax). 
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4 A numerical example 


Let Xi = X 2 = K. and C = AC = [0, 00 ). Define 


U :R^R by U(x) 


f [0,1), a: >0 

[{!},*< 0, 


A : R —> R by A(x) = x, x £ R, 


S \ R-+M. by S(Ax) 


j [0,1), Ax > 0 
| {!}, Ax < 0, 


P [ 0 ,oo) : R [ 0 , 00 ) by P [ 0 ,oo) {Ax) = 


j 0, Ax £ (—00, 0) 

I Ax, Ax £ [0, 00 ), 


(I + 'yUy 1 :R->R by (I + 'yU)~ 1 (y) = 


i+[o,7 ) , y — 0 

1+7 > 2/ < 


(I + 7S') -1 : R -> R by (I + 'yS )- 1 (Ay) 


’Ay>0 

T^,Ay< 0 , 


P[ 0 ,oo) (I + 7‘S ') -1 : R —► [0, 00 ) by P [0tOo) (I + yS )- 1 (Ay) = 


TWA)’ Ay -° 

0, Ay < 0, 


T : R —> R by T(x) = x, 
/ : R —>■ R by f(x) = 


Clearly, U and S' are maximal monotone mappings such that 0 £ VIP(U) and 
A(0) £ VIP(S). Obviously, T is a total quasi-asymptotically strictly pseudo- 
contractive mapping with sequences n n = p. n = 0 and 7 = 0 such that 0 € F(T). 
Since \ £ (0,1), it follows that / is a contraction mapping. 


Let us consider 0 £ [ 0 , 7 ), j„ = log (n + ^), a n 


n 2 — 2 n +4 
n 3 + 18 n -15 


and /3 n 


1 

e n + 1 —1 
n 
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In this case, we have 


{ Z n — (nS + lSn^ls) X n ,X n > 0, 

Z n = 0, X n < 0, 

Vn — Zni Zn A 0 , 

y n = i+io g ("i+i) > Zn < 


*^n+1 — 


™+i -1 


X 2 


1 - 


-t+i _i 


J/n,« > 1- 


Now by Theorem 2.1, the sequence {i n } converges strongly to 0 € T. The figures 
1 below obtained by {MATLAB) software indicates convergence of {x n } given 
by (2.5) with x\ = —15.0 and X\ = 15.0, respectively, cc 
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